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Abstract. 

""he behavior of the electromagnetic field in an ideal 
cs-ity with oscillating boundary is considered in the 
resc- snce long-time limit. The rates of photons creation 
cr vacuum and thermal states are evaluated* The squeezing 
coefficients for the field modes are found, as well as the 
backward reaction of the field on the vibrating wall. 


1- Field Quantization in a Cavity of Variable Length 

Here we give the results of our recent investigations relating 
to the behavior of the quantized modes of the el ectromagnetic field 
inside a resonator with oscillationg walls- We consider the electro- 
magnetic field in an empty resonator formed by two ideal conducting 
plain boundaries x =0 and x =Z_<TtJ>, and restrict ourselves to the 
linearly polarized modes with the electric vector parallel to the 
boundaries. Then the field can be described by means of the single 
scalar equation for the corr espondi ng component of the vector poten- 
tial with the nonstationary boundary conditions [ 1 3 > v we assume c = I> 

,p tt ~ *xx 3 0 < -v < LCO; < 0 , t ) = f*(LC ¥ t) = 0 <1> 
The quantization procedure in this case was proposed by Moore C13* 
•"Another approach including the case of .a massive boson scalar field 
was investigated in ref. C23.) The starting point of Moore's method is 
the following choice of the fundamental solutions of eq-<l), 
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•function R(() being a solution of the functional equation 

- ££t-L<£>J - 2 (3) 

In the stationary case LC Lj> = L the solution of eq. (3) is trivial: 


£ i0> <7 ) 


0 

■ f/2. . Thus mode functions are usual standing waves 


V <D ‘<x.t> 
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l ( nn ) sin (fmx/Z.^) exp - (4) 

An approximate solution of <3) for a slowly moving wall was found in 


Cl 2- But in the most interesting case of the parametric resonance 

L:' t y = 1 + £ * sin ^ = nqsL^ % q = 1,2..-, |*:| « 1 (5) 

that solution appears valid only for not very large values of time 

satisfying the restriction sct-'L « 1- The correct asymptotic expres- 

o 

sion for the function pit) * FA L) - t in the long-time limit £ujL » 1 
was obtained in refs- [3-51 < L « e = 1, £=exp[< — 1)^ 1 


pC ty * - C'2xfic?.> Im|ln[l + £ + exp ( irrqU ) i 1-f ) ] 
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^ or the motionless walls the field operator p in the Heisenberg 
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picture can be developed over the set of functions v C‘x» O: 
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If the right wall oscillates only during the time interval 0 < i £ T 
then foi- t > T the field operator tan be written in two forms, 

o> 


* 3 + *X} = i^{^ 0> + 


(B) 


where y (x t t> is the solution of the nonstati onary problem (1) coin- 
ciding with y/^ 0> at t < 0. It seems reasonable to assume that measur- 
ing devices react to steady-state standing waves (4) which are wave 
functions of physical quantum states possessing definite energy 
values. Then just the set of operators <a,a > has the physical sense 
at : > r* Since all quantum properties of the field were defined with 
respect to the state determined by the set of operators <b<b ) (which 
were "physical 11 operators for t < 0 ), we have to expand the "new" 
operators (a, a ) over the "old 1 * ones ib,b ), 
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To calculate the Bogoliubov coefficients ct and _ one should take 

^ A/ft Am 

into account that both systems of mode functions (2) and <4> const; - 




416 



cc.T-iete orthonormal sets with respect to the scalar product Cl 1 

LCU 


r , 


U'.*> * -i Jdx|vMi* - V' t > |i 

0 

T>-pr the following relations can be obtained C3-53, 

LSLq+1 

= i (>/t n) 1 2 Jdx exp j - 1 n [npc L^xO + O'i 7 awJj] - 
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■0 -stalled calculations of these integrals were performed in C3-53. 
result for q» = 2 r i s as follows (6=T^7frr> , 


' 1 si n [* 2r*a±>a> /2r ] si n [rr <n±/n; ] 


_ _ exp £in <n±/7i> < 1- 1 /2r ) ] • ( 12) 

^ " n ( 2rn6Tm) si n [rr ( ni/rt) /2r ] 

In the main resonance case of i* = l the following expression for tie 

moduli squared cf the Bogoliubcv coefficients can be obtained, 
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2> R«t*s of Photons Generation 

The trtal number of photons created in the /n-th mode from the 
vacuum state to the time instant t equals 


P = < 0 | a. a | 0 > = £ | ft 

,tv * ns »t» 1 V! 
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(14) 


Omitting the detailes of calculations given in C3-53 we present the 
final result * r = 1 ) 

* imn 2 ) 4 £l n ( m./26) - (-1 > ^ 1 n ( i /2rr<5) j • (15) 

Since in the case under study 6 ( t > ^exp i-n£ i ) /n , we get the following 
rate of photons generation in the ai-th mode when the wall vibrates at 
t K e twice f-equency of the first resonator eigenmode for *"£»!: 

dP /d £ * ( 4 7mn) f 1 - (-I)'" ]• <1 = 

/Ft w J 

This result is valid in fact only for not verv large numbers ia* Since 
m real situations we should limit time £ by the resonator relaxation 
time t (due to the dissipation inside walls) , the maximum number z* 
photons generated in the m.— th mode equals approximately 
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vc-e-e 2'-"*;-- is the quality factor of the resonator's ffi-th mode. 

c o r xiI s.s (15>-<17> essentially differ from the results of 
1 6 ,73 , where the problem of photons creation in a resonator with 
oscillating ideal mirror was also considered- However the authors of 
that papers did not take into account the deep reconstruction of the 
* i e : d modes inside the resonator i n the long-time limit- Therefore 
the rate of photons generation obtained in C 63 and 171 was proportio- 
nal : n essence to (oca^) 2 , whereas our formulas show that this rate is 

proportional to the first power o* the product c<* - The quadratic law 
2 

^ t) is valid only in the short-time approxi mat i on under the 

condition P « 1, as was shown in C83- 

If the initial density matrix of the field corresponds to the 
c, i anzk distribution with finite temperature, then the average number 
c* additional “thermal" quanta created in the tn - th mode equals C43 
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(18 s 


where 0 = «7L /nhc , * is Boltzmann's constant, T - temperature. 

The ”i~al number of "thermal” photons does not depend on time- 
Moreover, in the even modes it is almost zero up to the terms of the 
order of 2 &/m. In the low temperature limit 0 « 1 and *or £ t >1 C41 

A P = 4 ( n 2 /n) ~ l T 1 - <-l ) 171 1 e ~ 1/e « p L ‘ at: , r*p; 

m l j 

In the high temperature limit one gets 141 

&P’ fh = <®/2>7i) £ 1 - + O (1 n ( 20> J - (.20) 


: ^ hhe resonator has a finite quality factor QCtnJ in the m-th 
tn=“ the temperature corrections can be neglected provided 

2 

0 vc &£Q<L srO - ' £ n wL> ; £ Q » 1 . 


mode , 


<21 > 


'& 




ctf * 




418 


of canonical coordi rates and 


3. Squeezing Coefficient* 

New let us consider variances 
ircne- 1 3 operators (quadrature components) 


*71 = ( a 7 Ti + ^.*71 V ,n 


p - I fa"' - a 1 y?. (22) 

, r Ti t m 

I* the ;--.tiaI quantum state of the field was vacuum or coherent one, 
t“«n t~s following general formulas are valid C8 1 , 
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In the case of c?=2 we have [4,53 

o :l+x>) 1 " ( - 1 ) ,n - (rr/ft) -si (rt/rJ (26) 

rri m ' 

whe-s si (x) means the integral sine function: 

x 

si (x) * /d t * sin ( t ) / t . (27) 

CG 

>>e =.«s that the variance is always less than its value : the vacuum 

state t> uaC =l/2. This means that the field occurs in the sc 
itate. The relative squeezing coefficient K = 1- 2a^ assumes the 

maximum value £,= 0-22 for m. = 1- For large m » 1 this coefficient 

slowly decreases according to the asymptotic formula 

K *2/ < n 2 m) . (28) 

m 

The canonical momentum variance increases in time according to 
the same law as the number of created quanta (15) ■ The general depen- 
dences cf variances on time are rather intricate- As was shown in 
:e: , in the short time limit £t « 1 there is a small squeezing in the 

momentum variance: o - ( 1 -nc t ) (for oi = 1 )- Meanwhile in 

PP 2 

the Ic^g time limit the situation is quite opposite: there is some 

squeezing o^ the canonical coordinate, and unlimitedly growing ir 
time variance of the canonical momentum* As to the covariance of the 
coordinate and momentum <25;, it turns out to te eqwial to ze^o up to 
the terms o* the order of (c£) ^ • This means that the field occurs ir 

a scueezed but uncorrelated state- Ncretheless, this state is rot a 
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-i-i uncertainty state, since >;■ 

explained by a strong internode interaction. 


when 
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4. Back Reaction on the Oscillating Wall from the Field 

It :s well known that vacuum fluctuations of electromagnetic 
-ielc -esult in an attractive Casimir 's force between uncharged 
conducting plates C9-113- The general expression for the force press- 
i ng the nov : ng wall ( more precisely the T —component of the energy- 
’*’■ d mer t - t. tensor of the field ) was calculated in £10,121: 


F = - [ gCt-LCtU + t+LdtJO J. (29) 

where function yi> is expressed through R-f unction introduced accor- 
ding to eqs- <2) and <3) as follows < in dimensionless units; remind 
that we consider the case of "one-dimensional" electrodynamics ), 

t r 3 r R" Cy-'’ -,2 n z 

= 24n | R*CyJ> ~ 2 

In the case of motionless wall 

expression for Casimir's force in one dimension 
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R*CyJ> J * 

— fR-c v j>r l . 

(30) 

(29) and 

(30) lead to the 

k nown 
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T he corrections to (31) in the limit of small velocities of the wall 
(with respect to the velocity of light) were calculated ir C133- T he 
additional force appears attractive and proportional to the square of 
wall's velocity- Here we calculate the same force using the long-time 
asymptotics of R-f unction (6> • Since jdf/dt| * \ £ t \ << f , we can 
di f f ere^t i ate R-function with respect to time believing parameter £ 
to be constant. Then the first three derivatives are as follows, 

R * C* t -> * (32) 

R"CO = 2r,Cl nq £inCm?t.> (33) 

R**’C:.> = 2 { Cl -if a J>CnQ.’>* Tc/ a J>cosCmjt I -f *.> [l -*-sin a CfTc?t^J J+^C £ ) , (34) 

= [l + ?* + Cl cosCrrcjiO ] -1 (35) 

Since the force exhibits rapid oscillations, it seems reasonable to 
average all time dependent functions contained in (35) over the 
period cf oscillations T = £* «?- All integrals can be calculated 
exactly with the aid of formula (£143, eq • 2- 5- 16 (22) ) 
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these expressions into (29) and (30) we get finally 
’•less units 


^ = - ^[* 2 ♦ |(i - « 2 ) (< - 03 


(37) 
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(39) 
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its 


r t - « t w : s formula coincides with (31)* Note that this is not the 
r 5 - :e :a= e (the minimal resonance value is Q = 2), so that phc- 
a-e not created inside the resonator, and the force conserves 
vacuum value* For «j > 2 we have not attraction, but an exp oner. - 
: v increasing pressure on the oscillating wall due to the c^ea- 
o* -eal photons in the cavity* By the way, formula (39) shows 
mctly that for t + a> the physical results do not depend or the 
c* the parameter r characterizing the dimensionless amplitude c~ 
' = vibrations, since <F> is proportional t o exp < | £ j nqt 2 • 


3* Discussion* 

Let us .summarize the main results* We have presented a new solu- 
tion for mode functions of the el ectr omagnet i c field irsioe ar ideal 
cavity with oscillating wall in the long— ti^s ^esoranre limit* It 
appears that the field modes structure is significantly changed in 
ty i ■= limit in come a" - i son with the case of motionless boundaries* -t 
;c ==c- distinctly if one compares, e*g*, the time derivatives of 
*jr:r;c-5 f ) and R<?> giver by <6) : ir the motionless case one 

gets u“ . t : in dimensionless units), whereas in the long-time resc— 

»ponding value appears much less than unity for 
.nstants of time excepting those when co5(n^t ) is very 
[32))- Physically this change of the field modes 
strifes ts itself in the transition from the quadratic la^ 
in the shoO-time approximation to the linear 
sk.svmctoti cs* We have established also the cess: - 
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(although rathe*" moderate) in the 


b:l:ty of obtaining some squeezing 
r e = or, modes* 
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